This paper originated from the following simple observation. Let Θ be a *-automorphism of A, and suppose that the crossed product of A by Θ is faithfully represented on (separable, infinite-dimensional) Hubert space H as C*(A, U θ ) 9 the C*-algebra generated by A and -
implementing unitary U θ , with C*(A, U θ ) Π (compacts) = 0. Let π: L(H) -• Q(H) (Calkin algebra) be the Calkin map. Then any unitary w in π(A) e (the commutant of π(A) in Q(H))
gives rise to a *-homomorphism τ: C*(A, U θ ) -* Q{H) taking x in A to π(x) and U θ to π(U θ )w. (This is because conjugation by π(U θ )w has the same effect on π(A) as conjugation by π(U θ ).) Direct-summing with a trivial extension gives an extension of C*(A 9 U θ ) corresponding to w. When C*(A, U θ ) has the homotopy-invariance property (extensions joinable by a path are equivalent), two unitaries which can be joined by a path of unitaries commuting with π(A) give rise to equivalent extensions.
The correspondence we have indicated here comes up (at least implicitly) in the computation by Popa and Rieffel [9] of Ext of the irrational rotation algebras. We will see below that it induces a map from K x {π{A) c ) to Ext(C*(A, θ)) which, when properly decoded, is one of the boundary maps in the Pimsner-Voiculescu exact sequence [6] .
The only deep results that we will need are 1.5 and 1.6 of Voiculescu's seminal paper [12] (see also [1] ). In the language of extensions, these say that any two trivial extensions (extensions factorable through representations on H) are equivalent (conjugate by an index-zero unitary in Q(H)) f and that the direct sum of any extension with a trival extension is equivalent to the given extension. We will refer to these two facts together as "Voiculescu's theorem" and make frequent use of them, generally without comment. All we will use from iί-theory are the definitions of iΓ 0 (resp. iQ, for which 428 WILLIAM L. PASCHKE we provide a reference (resp. reminder) at the appropriate moment.
Our main project is to identify K^πiA) 6 ) in extension-theoretic terms, but it will be helpful to consider K o first. We assume throughout that A is faithfully represented on H with A Π (compacts) = (0). c (g) M n9 the algebra of n x n matrices over ~π (A) e . For the definition of K Q of a C*-algebra we refer the reader to §3 of [4] Throughout this paper, Ext(A) will mean weak Ext, the semigroup of weak equivalence classes of extensions of A. We write Ext*(A) for the group of invertible elements of Ext(A).
Proof. Let p be a projection in π{A) c and let
= lφ 1, and vv* = 100. We have vπ\x) = ττ [9] .) LEMMA 3. Let A be as above. 2 , where i is the inclusion map, is strongly equivalent to i, so there is a ^isomorphism φ: Proof. Every invertible b in a unital C*-algebra B can be joined by a path of invertibles to its "unitary part" δ|δ|-\ and two invertibles can be joined by a path of invertibles if and only if their unitary parts can be joined by a path of unitaries. The definition in [11] thus gives K X {B) as the inductive limit of the system where ψ n , n + k ((u)) = (u® 1*>. In our situation, π(A) e (g) M n is isomorphic to π n (A)% which in turn is isomorphic to π{A)\ By the previous lemma, all of the connecting maps in the system are isomorphisms, so taking the inductive limit simply produces I(π(A) c ). In light of Proposition 4, we will use (w) to denote the element of K x {π{A) c ) represented by w in U(π(A) c ). Our next result in a straightforward consequence of Lemma 3 that may be of some general interest. Here, T is the unit circle. PROPOSITION 
Proof. (1) If p: C*(π(A), u) -> L{H) is a lifting for σ 0 , then p(σ Q (u)) belongs to the von Neumann algebra p(π{A)) f and hence has a logarithm commuting with p(π(A)). This enables us to join p(σ o (u)) to 1 by a path of unitary operators commuting with p(π(A)). The image of this path in the Calkin algebra joins σ o (u) to 1 by a path in
U(π(A) e ). (2) Let-in U(π(A) c ) be such that (u01) = <101> in I(π 2 (A) e ) f and let σ 0 : C*(π(A), u) -• Q(H) be a trivial extension. We may assume that σ Q {π(x)) = π(x) for x in A, so if we set v = σ o (u), we have (v) = <1> by part (1). Moreover, the extension i(&σ 0 : C*(π(A), u)-*Q(H)Q(H 2 ) -> Q(H) (induced
Let A be as above and suppose that the map from Ext(A (x) C(T)) to Ext (A) 0 Z induced by restriction to A ® 1 and 1 (x) C{T) is injective. Then any w in U(π(A) c ) of index 0 can be joined to 1 by a path in U(π(A) c ). Proof Let A®C(T) be faithfully represented, missing the compacts, on H and let U in A! be unitary with A (x) C(T) = C*(A, U).
By the universal property of the tensor product, there is an extension τ:C*(A, U)-^Q (H 2 ) such that τ(x) = π\x)(x in A) and τ(£7) = w0
π(U). Because of our assumption on Ext(A (x) C(T)), τ is trivial. There is thus a unitary v in π(A) c such that v(w®π(U))v* -π\U). By parts (1) and (3) of Lemma 3, we have <wφl> = {w@π(U)) = (v(w®π(U))v*) = <101>, so <» -<1> by part (2).
It follows from Theorem 7 below (see also [3] and 2.4 of [2] ) that A -C(T) satisfies the condition of the proposition, so if u and v are commuting index-zero unitaries in Q(H) and the spectrum of u is T, then v can be joined to 1 by a path of unitaries commuting with u. (This is also shown as part of the proof of the main result in [9] .)
Following the usage in [6] (as opposed to [8] ), we say that A has the homotopy-invariance property if whenever two extensions τ 0 , τ λ : A -* Q(H) can be joined by a (point-norm continuous) path of extensions, we have τ 0 strongly equivalent to τ x . In [8] , g.q.d. algebras, among which are the quasidiagonal algebras of [10] , were defined and shown to have the homotopy-invariance property. There are many g.q.d. algebras. Moreover, it is possible to establish homotopy invariance for certain non-g.q.d. algebras on an ad hoc basis; for instance, the computations in [5] or [7] show fairly readily that the Cuntz algebras O n have this property. In the theorem below, ΩA is the reduced suspension of A, that is, the C*-algebra of continuous functions from T to A which are scalar-valued at 1.
THEOREM 6. Let A be a separable unital C*-algebra and suppose that A (x) C(T) has the homotopy-invariance property.
Then K^πίA) 0 ) is isomorphic to Ext*(i2A).
Proof. With the same set-up as in the proof of Proposition 5, ΩA may be identified with a subalgebra of C*(A, U), namely the subalgebra generated by 1 and {x(f( U) -/(I)): xeA, feC(T)}.
(Notice that U belongs to ΩA.) We will exhibit an isomorphism between K 0 (π(ΩA) c ) and K^πiA) 0 ), using Theorem 2 to identify the former with Ext*(J2A). Define 7: (3) of Lemma 3), the map 7 is a homomorphism. We now show that 7 is injective. Let p and w be as above and suppose that (w) = <1>. Directsumming p with 1 and w with π(U) if necessary, ([p] 0 = [p0 l] 0 by the proof of Theorem 2, (π(U)) = <1> by Lemma 3), we use the universal property of the tensor product to obtain an extension τ: C*(A 9 U) -> Q(H) with τ(α?) = π(x) for α in A and τ(t/) = w. Since <(w> = <l), the direct sum of τ with a trivial extension can be joined by a path to a trivial extension. Thus the assumed homotopy invariance of C*(A, U) implies that τ is trivial. Let v in U(π(A) c ) be such that vwv* = vpπ(U)v* + t;(l -p)t;* = ττ(Z7). Multiplying by vp on the right shows that vp commutes with π(U). In fact, vpe π (ΩA) c because if / 6 C(T) with /(I) = 0 and x e A, then Notice that if C*(Ω n A, Ω n θ) has the homotopy-invariance property for all n ^ 1 (as would be the case if C*(A, θ) were g.q.d.), we obtain a one-sided long exact sequence from the sequence in Theorem 7 by appending to it > Ext(ώ to obtain the cyclic sequence in [6] appears to be beyond the scope of the methods used here, however.
